Non Fermi Liquid behavior in the under-screened Kondo model 
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Using the Schwinger boson spin representation, we reveal a new aspect to the physics of a partially 
screened magnetic moment in a metal, as described by the spin S Kondo model. We show that the 
residual ferromagnetic interaction between a partially screened spin and the electron sea destabilizes 
the Landau Fermi liquid, forming a singular Fermi liquid with a 1/ {T In^ {Tk /T)) divergence in the 
low temperature specific heat coefficient Cv/T. A magnetic field B tunes this system back into 
Landau Fermi liquid with a Fermi temperature proportional to B\v?{Tk / B). We discuss a possible 
link with field-tuned quantum criticality in heavy electron materials. 



Heavy electron materials are the focus of renewed at- 
tention, because of the opportunity ^Ij, 2t 1^ they present 
to understand the physics of matter near a quantum crit- 
ical point. One of the unexplained properties of these 
materials, is that the characteristic temperature scale of 
heavy electron Fermi liquid is driven to zero at quantum 
critical point 0, 0, IS U@- When either the paramag- 
net or antiferromagnetic heavy electron phase is warmed 
above this temperature scale, it enters a "non-Fermi 
liquid" phase. These results suggest that insight into 
the non-Fermi liquid behavior of heavy electron systems 
might be obtained by studying the break-up of the anti- 
ferromagnetic state. 

Traditionally, ordered moment antiferromagnetism is 
described using a bosonic representation of the ordered 
moments. In this paper we examine the under-screened 
Kondo impurity model (UKM) and we demonstrate that 
the essential physics of the under-screened Kondo effect 
is captured by a Schwinger boson representation of the 
local moments. In the course of our study we obtained an 
unexpected new insight. The UKM describes the screen- 
ing of a local moment from spin S to spin S* = S — 
At low temperatures, this residual moment ultimately de- 
couples from the surrounding Fermi sea. The UKM has 
been studied using the strong coupling expansion 'l2!|, nu- 
merical renormalizatio n group jl.l] and diagonalized us- 
ing the Bethe AnsatzjlJ, but the possibility of a 
break-down of Landau Fermi liquid behavior was not ad- 
dressed. In this paper, we show that a field-polarized 
under-screened moment forms a Fermi liquid with a the 
Fermi temperature that is proportional to the magnetic 
field, going to zero when the field is removed. At zero 
field, the residual coupling of the electron fluid to the 
degenerate states of the under-screened moment violates 
the phase space restrictions required for formation of a 
Landau Fermi liquid, leading to a strongly divergent spe- 
cific heat coefficient (Fig. 
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The appearance of a field-tuned Fermi temperature is 
strikingly reminiscent of the heavy electron quantum crit- 
ical points. |Eli,liE3 



The UKM is model is written 
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where S denotes a spin S > ^, cj,^ creates a conduction 
electron with wave vector k, spin component a, ipt = 
Sfc ^ka creates a conduction electron at the impurity site. 
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FIG. 1: Schematic phase diagram of the large A'' limit of the 
under-screened Kondo model. 

We begin by reformulating the UKM as an SU(N) invari- 
ant Coqblin Schrieffer model, which enables us to carry 
out a large TV expansion of the physics. We write 



H = 
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where the spin indices run over N independent values 
a,(3 £ {1,N), and the constraint ni, — 2S is imposed to 
represent spin S. M = gjv[&j^T ~ ^\ local moment 

magnetization, where we denote the first spin component 
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chosen so that at maximum polarization, when n-\ — 2S, 
M — S. A multi-channel formulation of the above model, 
has previously been treated within an integral equation 
formalism'!^. 
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Next, we cast the partition function as a path integral 
and factorize the interaction 
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We shall show how the physics of the under-screened 
Kondo model is obtained by examining the Gaussian 
fluctuations of the field (j) about the mean-field theory 
obtained by taking — s- oo at fixed S. This mean-field 
theory describes a free moment, with Free energy 
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where B = QmB. The mean-field constraint (rib) 
becomes 

(71b) = n[\ -B] + {N- \)n[\] = 2S, 
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where n[x] = [e^'^ — 1] ^ is the Bose-Einstein distribution 
function. There are then two types of mean-field solution: 

1. "Paramagnet" where (6i) = and n{X) = S. 



2. "Polarized" moment where (hi) 
to produce magnetization M , 



'2M condenses 



The second phase develops at temperatures below T = 
Tc = B/C, C = ln[l + i] (Fig. P). The mean-field value of 

A in these two phases is given by A = Ao = max(rC, B). 

To examine the fluctuations around the mean-field the- 
ory, we integrate out the electrons and bosons, and write 
the effective action so obtained in terms of the Fourier 
coefficients (/>„ — /3~^/^ /p'^ dr(/)(r)e'""'^. To quadratic or- 
der, order, the effective action is given by 
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Th propagator J7n for the (j) field is determined by the 
Feynman diagrams shown in Fig. |2Ia). When we 
compute these Feynman diagrams, we find that J^n — 
N^^J{iujn + Ao), where 
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Here Tk = De^^^^'^ is the Kondo temperature, expressed 
in terms of the band-width D and density of states p. 
This propagator mediates the interaction between the 
spin bosons and electrons, (Fig. |21 (b)) and describes 
the frequency dependent Kondo coupling constant. The 
asymptotic behavior of this function 



describes a coupling constant which is small and antifer- 
romagnetic (positive) at high energies, while small and 
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FIG. 2: Feynman diagrams for the large limit, (a) Feyn- 
man diagrams for the <^ propagator, where full and wavy lines 
represent conduction electron and Schwinger boson propaga- 
tors respectively. The bubble diagram involves a sum over 
all a' 7^1 and the crosses in the second diagram denote the 
Schwinger boson condensate (&|) = \/2M. (b) Effective 
Kondo interaction is mediated by the 4> propagator J'n. (c) 
In the polarized phase, the t-matrix of the ] electrons is de- 
termined by the propagator. 



ferromagnetic (negative) at low energies. The cross-over 
from antifcrromagnetic behavior at high energies, to fer- 
romagnetic behavior at low energies, is a well-known fea- 
ture of this model,2. 12. 13. 14..15j. 

By carrying out the Gaussian integral over the fluctua- 
tions of the 4> field, we are able to compute the correction 
to the free energy Flm of the free moment due to the 
Kondo effect, 

/d 
^/(L^)a[c^-f max(rC,B)]. (8) 

where the phase shift a{Lo) — Im In \ J~'^{lo + i5)\. In 
zero field = ^TSo, where 

So[S] = iV[(l-hS')ln(l + S^)-S'lnS'] 

- Un[2T:NSil + S)]+Oil/N), (9) 

is the entropy of a free SU (N) spin S. In the polarized 
phase. 



Flm = {N~l)Tln{l~e-^'')-SB 



(10) 



We now use these results to characterize the nature of 
the excitation spectrum as a function of field. 

In zero field, the second term in (jSJ can be expanded 
at low temperatures as a power-series in the small pa- 
rameter g ^ pj = l/Log{2TTT/TK)- We find that the 
leading order contribution to the entropy is given by 



St=o — So[S] 
= So[S ~ 



2tt'^S{S + l)g{Tf 
2Tr^S{S + l) 



0(/). (11) 
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From this result, we see that the entropy at low tempera- 
tures is that of a spin S* = ^-{3— jj) = S — ^, quenched 
by one half unit. The term is the leading perturbative 
correction to the entropy of a Kondo problem, but with 
the bare antiferromagnetic coupling constant pJ replaced 
by the running (ferromagnetic) coupling constant pJ. 

If we differentiate AS* with respect to temperature, we 
see that the logarithm in pj^ leads to a divergent low- 
temperature specific heat coefficient (fig El 
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The singular nature of this specific heat coefficient in- 
dicates that the fluid of excitations in zero field is not 
a Landau Fermi liquid. Moreover, we can see that this 
result is actually a generic consequence of the singular 
temperature dependence of the coupling constant. 
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FIG. 4: The ground-state magnetization AM = S - M of 
the under-screened Kondo model for the case S = 0.5 
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FIG. 3; The zero field specific heat capacity of the under- 
screened Kondo model for the case S = 1/2, showing the 
1/T In^ {Tk /T) divergence at low temperatures. Inset, the 
field dependent linear specific heat 

To gain further insight into this non-Fermi liquid be- 
havior, let us examine the effects of a magnetic field. 
When we differentiate the Free energy (jHJ to obtain the 
magnetization, the combination of frequency and mag- 
netic field in the phase shift a(Lu + g^B)^ enables us to 
replace the field derivative with with a frequency deriva- 
tive inside the integral, so that at T = 0, 



M 
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where we have replaced ^at ^ ^ in the large N limit. 
M{B) evolves from S at high fields, to 5* — ^ at low fields 
(Fig. 2J), with a weak ferromagnetic correction AAf ~ 
S/\tl{Tk/B), at low fields. 

Once the local moment becomes polarized, the specific 
heat becomes linear at low temperatures, and a Fermi 



liquid is formed. In a field at absolute zero, the bose 
field is condensed with (5|) = ^/2S so that now 



H, 
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thereby giving rise to a resonant elastic coupling between 
the (f> field and the conduction electrons, so that the t- 
matrix ti{Lo) for the "up" electrons is now (Fig. 121(c)) 
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J{lo + B). 
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Now since J = \ J\e-''"^'^> , we can identify 5^ = -~a{B) 
as the elastic scattering phase shift of the "up" electron 
at the Fermi surface. Furthermore, by linearizing around 
a; = at zero temperature, we obtain 



tT^{uj — iS) 

where Z ^l/{d^J-\Lo))l^^ 



ZS 

= B/ p and 
Tk 



f = -ZJ-'(B -iS) =B\n-^ 

B 
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In other words, the polarized spin generates a resonant 
scattering pole of strength Z — B/p, with phase shift 
(5| = —a{B) and a width A — ttSB which defines the 
characteristic energy scale of the field-tuned Fermi liquid. 
The density of quasiparticle states at the Fermi energy 
associated with this resonance is given by 



iV*(0) -a'{B) 



1 



ttS 



ttB (log(^))2 + (7r5)2 
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which diverges as (Slog^(^))-i at low fields, enabling 
us to read off the field-dependent Fermi temperature 



N*{Q)-^^Blog\'^) 
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From this we see that the characteristic energy scale 
associated with Fermi hquid that forms at finite field, 
is the field itself. At temperatures T < B, the specific 

heat capacity will become linear, C'v = l{B)T^ where 

7 = 2f|i7V*(0) (Fig. 13). As the field is reduced to zero, 
the temperature window for Fermi liquid behavior nar- 
rows to zero, ultimately vanishing at zero field. 

Certain aspects of these results will change at finite N . 
One of the most important changes concerns the values 
of the phase shifts. In the large N limit, the asymptotic 
low field limit of the 5^ phase shift is — vr. At finite N , by 
relating the change in magnetization to the phase shift, 
AM = gN-^ = ^1/2 we deduce that the asymptotic 
low field phase shift for the "up" electrons at finite N is 
(5| = — 7r(l — -i-). Since the sum of all the phase shifts 
for elastic spin scattering must equal zero, this implies 
that 5^ + {N - 1)6 1 = 0, or Si = tt/N {a' ^1). We see 
that modulo the tt shift, all the phase shifts become equal 
in the limit B ^ 0, (5o-niod(7r) = tt/A^, the same phase 
shift as found in the the fully screened Kondo model [l^. 

The field-tuned Fermi liquid in the under-screened 
Kondo model follows from general renormalization group 
arguments and is expected to extend to all under- 
screened Kondo models. At fields that are low 
compared with the Kondo temperature Tk, the ef- 
fective ferromagnetic Kondo coupling constant g ~ 
ln[T/<-/max(_B, 27rT)] renormalizes slowly to zero, pro- 
ducing a small correction to the magnetization 



M{B) = S 



g{B) + 0{g^). 



(18) 



Since the Kondo resonance is tied to the chemical poten- 
tial, the field-tuned Fermi liquid will have zero charge 
susceptibility, and following Nozieres and Blandin 12], 
the ratio between the differential magnetic susceptibil- 
ity x{B) — dM/dB and the linear specific heat 7(i?) is 
N/ [N — 1), so that quite generally. 



fixed x(-B) - 
nxea ^^^j — 
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Giamarchi et al. have noted [17'| that similar singular be- 
havior can also occur in the ferromagnetic Kondo model. 
There is however, an important distinction, for in the un- 
derscreened Kondo model, the logarithmic factors above 
are of order unity, whereas in the ferromagnetic Kondo 
model, Tk ~^ De 'p >> D is exponentially larger than 
the bandwidth, suppressing this phenomenon to a small 
weak-coupling correction. 

Our results do not yet give us a precise understanding 
of the nature of the singular Fermi liquid that forms for 
temperatures T > B. Our large N treatment suggests 
that the fermionic resonance associated with the bind- 
ing of the spin to conduction electron degrees of freedom 
breaks up at energy scales above T ^ B, as if the heavy 



quasiparticle splits up into a "spinon" b and a charged 
spinless "holon" (p in the non-Fermi liquid phase. 

In conclusion, we have shown how the treatment of 
the under-screened Kondo model using Schwinger bosons 
enables us to recover the well-known properties of this 
model, in the course of which, our results reveal a hith- 
erto un-noticed non-Fermi liquid state at zero field. The 
model provides an elementary example of a field-tuned 
Fermi liquid with a characteristic scale which grows lin- 
early with the applied magnetic field. Intriguingly, the 
low temperature upturn in the specific heat and the 
appearance of B as the only scale in the problem are 
both features observed in quantum critical heavy elec- 
tron systems. 0, leading us to speculate that this 
model may provide a useful starting point for future un- 
derstanding of these systems. 
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